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Abstract

It has often been noted that the learning problem in feed-forward neural
networks is very badly conditioned. Although, generally, the special form
of the transfer function is usually taken to be the cause of this condition,
we show that it is caused by the manner in which neurons are connected.
By analyzing the expected values of the Hessian in a feed-forward net-
work it is shown that, even in a network where all the learning samples
are well chosen and the transfer function is not in its saturated state, the
system has a non-optimal condition. We subsequently propose a change
in the feed-forward network structure which alleviates this problem. We
finally demonstrate the positive influence of this approach.

1 Introduction
It has long been known [1, 3, 4, 6] that learning in feed-forward networks is a
difficult problem, and that this is intrinsic to the structure of such networks.
The cause of the learning difficulties is reflected in the Hessian matrix of the
learning problem, which consists of second derivatives of the error function.
When the Hessian is very badly conditioned, the error function has a very
strongly elongated shape; indeed, conditions of 1020 are no exception in feed-
forward network learning, and in fact mean that the problem exceeds the rep-
resentational accuracy of the computer. We will show that this problem is
caused by the structure of the feed-forward network. An adaptation to the
learning rule is shown to improve this condition.

2 The learning problem

We define a feed-forward neural network with a single layer of hidden units
(where i indicates the i’th input, h the h’th hidden unit, o the o’th output, and
~x is an input vector (x1; x2; : : : ; xNi

))

N (~x;W )o =
X
h

whos
�X

i

wihxi + �h

�
: (1)

0In: L. Niklasson, M. Bodén, and T. Ziemke, editors, Proceedings of the 8th International Confer-
ence on Artificial Neural Networks, pages 159–164. Springer Verlag, 1998.



The total number of weights wij is n. W.l.o.g. we will assume o = 1 in the
sequel. The learning task consists of minimizing an approximation error

EN (W ) =
1

2

�X
p=1

N (~x(p);W )� ~y(p)
 (2)

where � is the number of learning samples and ~y is an output vector
(y1; y2; : : : ; yNo

). k � k is usually taken to be the L2 norm. The error E can
be written as a Taylor expansion around W0:

EN (W +W0) = E(W0)� JTW +
1

2
W THW + r(W0): (3)

Here, H is the Hessian and J is the Jacobian of E around W0. In the case that
E is quadratic, the rest term is 0 and a Newton-based second-order search
technique can then be used to find the extremum in the ellipsoid E. A prob-
lem arises, however, when the axes of this ellipsoid are very different. When
the ratio of the lengths of the largest and smallest axes is very large (close to
the computational precision of the computer used in optimization), the com-
putation of the exact local gradient will be imprecise, such that the system is
difficult to minimize. Now, since H is a real symmetric matrix, its eigenvectors
span an orthogonal basis, and the directions of the axes of E are equal to the
eigenvectors of H . Furthermore, the corresponding eigenvalues are the square
root of the lengths of the axes. Therefore, the condition number � of the Hes-
sian matrix, which is defined as the ratio of the largest and smallest singular
values (and therefore, for a positive definite matrix, of the largest and smallest
eigenvalues), determines how well the error surface E can be minimized.

2.1 The linear network

In the case that s(�) is the identity,N (W ) is equivalent to a linear feed-forward
network N (W 0) without hidden units, and we can write

EN (W 0 +W 0
0) = E(W 0

0)� JTW 0 +
1

2
W 0THW 0: (4)

In the linear case the Hessian reduces to (leaving the index (p) out):

Hjk = ��1
�X
p=1

xjxk ; 1 � j; k � n = Ni + 1 (5)

where, for notational simplicity, we set xNi+1 � 1. In this case H is the co-
variance matrix of the input patterns. It is instantly clear that H is a positive
definite symmetric matrix.

Le Cun et al. [1] show that, when the input patterns are uncorrelated, H has a
continuous spectrum of eigenvalues �� < � < �+. Furthermore, there is one



eigenvalue �n of multiplicity order n present only in the case that hxki 6= 0.
Therefore, the Hessian for a linear feed-forward network is optimally condi-
tioned when hxki = 0. The reason for this behaviour is very understandable.
As �!1, the summation of uncorrelated elements xixj will cancel out when
hxi = 0, except where i = j, i.e., on the diagonal of the covariance matrix. In
the limit these diagonal elements go towards the variance of the input data
�(xi) =

P
p x

(p)
i

2. From Gerschgorin’s theorem we know that the eigenvalues
of a diagonal matrix equal the elements on the diagonal.

2.2 Multi-layer feed-forward networks

In the case that a nonlinear feed-forward network is used, i.e., s(�) is a nonlin-
ear transfer function, the rest term in Eq. (3) cannot be neglected in general.
However, it is a well-known fact [2] that the rest term r(�) is negligible ‘close
enough to a minimum.’ From the definition of EN we can compute that

Hj;k = ��1
�X
p=1

[N (~x)� y]
@2N (~x)

@wj@wk

+
@N (~x)

@wj

@N (~x)

@wk

: (6)

We investigate the properties of Hj;k of Eq. (6). The first term of the Hessian
has a factor [N (~x)� y]. Close to a minimum, this factor is close to zero such
that it can be neglected. Also, when summed over many learning samples,
this factor equals the random measurement error and cancels out in the sum-
mation. Therefore we can write

Hj;k � ��1
�X
p=1

@N (~x)

@wj

@N (~x)

@wk

: (7)

2.3 Properties of the Hessian

Every Hessian of a feed-forward network with one layer of hidden units can
be partitioned into four parts, depending on whether the derivative is taken
with respect to a weight from input to hidden or from hidden to output unit.
We take the simplification of Eq. (7) as a starting point. The partial derivative
of N can be computed to be

@N (~x)

@who

= s
�X

i

wihxi + �h

�
� ah;

@N (~x)

@wih

= xiwhos
0(ah) � xiwhoa

0
h

where s0(�) is the derivative of s(�). We can write the Hessian as a block matrix
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(note that 10HT = 01H). Assuming that the input samples have a normal (0,1)
distribution, we can analytically compute the expectations and variances of
the elements in H by determining the distribution functions of these elements.

Figure 1 (left) depicts the expectations and standard deviations of the elements
of H for � = 100. From the figure it can be seen that, even though the network
is in an optimal state, the elements of 11H are much larger than those of 00H .
Naturally, this effect is much stronger when weights from input to hidden
units are large, such that the hidden units are close to their saturated state. In
that case, a0h � 0 and the elements of 00H (as well as those of 01H) tend to 0.

The centering method as proposed in [1], when also applied to the activa-
tion values of the hidden units, ensures an optimal condition for11H . Schrau-
dolph and Sejnowski [4] have shown that centering in backpropagation fur-
ther improves the learning problem. Using argumentation similar to Le Cun
et al. [1], they furthermore suggest that centering the �o = yo�ao as well as the
�h =

P
o �owhos

0(ah) improves the condition of H . Although this will improve
the condition of the 00H and 01H , the problem that the elements of 00H and 11H
are very different in size remains. We suggest that this approach alone is not
sufficient to improve the learning problem.

3 An adapted learning rule

To understand why the elements of H are so different, we have to consider
the back-propagation learning rule. First, Saarinen et al. [3] list a few cases
in which the Hessian may become (nearly) singular. The listed reasons are
associated with the ill character of the transfer functions which are customarily
used: the sigmoidal function s(x), which saturates (i.e., the derivative becomes
zero) for large input. However, another problem exists when a network has
a small weight leaving from a hidden unit, the influence of the weights that
feed into this hidden unit is significantly reduced. This problem touches a
characteristic problem in feed-forward network learning: the gradients in the
lower-layer weights are influenced by the higher-layer weights. Why this is
so can be seen from the back-propagation learning method, which works as
follows. For each learning sample:

1. compute �o = yo � ao where ao is the activation value for output unit o;

2. compute �who = �oah where ah is the activation for hidden unit h;

3. compute �h =
P

o �owhos
0(ah);

4. compute �wih = �hxi =
P

o �owhos
0(ah)xi.

The gradient is then computed as the summation of the �w’s. The gradient for
a weight from an input to a hidden unit becomes negligible when �o is small
(i.e., the network correctly represents this sample), xi is small (i.e., the network
input is close to 0), who is small or s0(ah) is small (because wih is large). The
latter two of these cases are undesirable, and lead to paralysis of the weights
from input to hidden units.
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Figure 1: (left) The distribution of the elements of H for � = 100. (right) An exemplar linearly augmented
feed-forward neural network.

In order to alleviate these problems, we propose a change to the learning rule
as follows:

�wih =
X
o

�o(whos
0(ah) + ah)xi = �hxi + ahxi

X
o

�o: (8)

By adding ah to the middle term, we can solve both paralysis problems. In
effect, an extra connection from each input unit to each output unit is created,
with a weight value coupled to the weight from the input to hidden unit. The
o’th output of the neural network is now computed as

M(~x;W )o =
X
h

 
whos

hX
i

wihxi + �h

i
+ S

hX
i

wihxi

i!
(9)

where dS(x)=dx � s(x). In the case that s(x) is the tanh function we find that
S(x) = log coshx; note that this function asymptotically goes to jxj � log 2 for
large x. In effect, we add the absolute of the hidden unit activation values
to each output unit. We call the new network the linearly augmented feed-
forward network. The structure of this network is depicted in figure 1 (right)
for one input and output unit and two hidden units.

Analysis of the Hessian’s condition. We can compute the approximation
error E0 for M similar to (2) and construct the Hessian H0 for M. We can
relate the quadrants of H0 to those of H as follows. First, 11H 0 = 11H , and

00H 0
i1+h1Ni;i2+h2Ni

=00H::: +
1

�

X
p

xi1ah1xi2ah2(1 + wh1oa
0
h1

+ wh2oa
0
h2
);

01H 0
i+h1Ni;i+h2Ni

=01H::: +
1

�

X
p

xiah1ah2 :

Using the same line of argument as in section 2.1 we note that it is important
that the ai’s be centered, i.e., (a) the input values should be centered, and (b) it
is advantageous to use a centered hidden unit activation function (e.g., tanh(x)
rather than 1=(1 + e�x)).



M and the Universal Approximation Theorems. It has been shown in vari-
ous publications that the ordinary feed-forward neural network N can repre-
sent any Borel-measurable function with a single layer of hidden units which
have sigmoidal or Gaussian activation functions. It can be easily shown [6]
that N and M are equivalent, such that all representation theorems that hold
for N also hold for M.

4 Examples
The new method has been tested on a few problems. First, XOR classification
with two hidden units. Secondly, the approximation of sin(x) with 3 hidden
units and 11 learning samples randomly chosen between 0 and 2�. Third, the
approximation of the inverse kinematics plus inverse perspective transform
for a 3 DoF robot arm with camera fixed in the end-effector. The network
consisted of 5 inputs, 8 hidden units, and 3 outputs; the 1107 learning samples
were gathered using a Manutec R3 robot. All networks were trained with
Polak-Ribière conjugate gradient with Powell restarts [5].

All experiments were run 1000 times with different initial weights. The re-
sults are illustrated below. Note that, for the chosen problems, M effectively
smoothes away local minima and saddle points (% stuck goes to 0.0). The
reported E was measured only over those runs which did not get stuck.

N M
XOR % stuck 22.4 0.0

# steps to reach E = 0:0 189.1 65.3
sin % stuck 42.3 0.0

E after 1000 iterations 29 � 10�5 7:3 � 10�5

robot E after 1000 iterations 5:3 � 10�3 1:8 � 10�3
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