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Abstract. In this paper we investigate the feed-forward learning problem. The well-known ill-conditioning which is present in most feed-forward learning problems is shown to be the result of the structure of the
network. Also, the well-known problem that weights between ‘higher’
layers in the network have to settle before ‘lower’ weights can converge
is addressed. We present a solution to these problems by modifying the
structure of the network through the addition of linear connections which
carry shared weights. We call the new network structure the linearly
augmented feed-forward network, and it is shown that the universal approximation theorems are still valid. Simulation experiments show the
validity of the new method, and demonstrate that the new network is
less sensitive to local minima and learns faster than the original network.
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1

Introduction

One of the major problems with feed-forward network learning remains the accuracy and speed of the learning algorithms. Since the learning problem is a
complex and highly nonlinear one [12,4], iterative learning procedures must be
used to solve the optimisation problem [2,14]. A continuing desire to improve
the behaviour of the learning algorithm has lead to many excellent optimisation
algorithms which are especially tailored for feed-forward network learning.
However, an important problem is the particular form of the error function
that represents the learning problem. It has long been noted [10,16] that the
derivatives of the error function are usually ill-conditioned. This ill-conditioning
is reflected in error landscapes which contain many saddle points and flat areas.
Although this problem can be solved by using stochastic learning methods
(e.g., [9,1,13]), these methods require many learning iterations in order to find
an optimum, and are therefore not suited for problems where fast learning is a
requirement. We therefore remain focused on gradient-based learning methods.

Algorithms exist which attempt to find well-behaving minima [7], yet an important factor of the learning problem remains the structure of the feed-forward
network.
In this chapter an explanation of the ill-conditioned learning problem is provided as well as a solution to alleviate this problem. Section 2 formally introduces
the learning problem, and describes the problem of singularities in the learn matrices. In section 3 the cause of the singularities are analysed and an adapted
learning rule is introduced which alleviates this problem. Section 4 discusses a
few applications.

2

The Learning Process

With a neural network N : <N × <n → <M we create an approximation to
a set of p learning samples {(x1 , y1 ), (x2 , y2 ), . . . , (xp , yp )}, with xi ∈ <N
and yi ∈ <M , for which holds that ∀1 ≤ i ≤ p : F (xi ) = yi . The function
F : <N → <M is called the model function.
Let n be the number of free parameters W of the network. In this particular
case we are interested in approximating the learning samples rather than the
underlying function F , or assume that the p learning samples are representative
for F .
The oth output of the function that is represented by the neural network can
be written as
!
Ã
X
X
(1)
wih xi + θh + θo
who s
N (x, W )o =
i

h

where s(x) the transfer function, o indicates an output unit, h a hidden unit, i
an input unit. The symbol who indicates an element of W corresponding with
the connection from hidden unit h to output unit o; wih is similarly used for a
connection from input unit i to hidden unit h. Finally, θ is a bias weight and
therefore an element of W . An exemplar feed-forward network with one input
and output unit and two hidden units is depicted in figure 1.
The learning task consists of minimising an approximation error, which
is usually defined as
EN (W ) =

p
X

kN (xi , W ) − yi k

(2)

i=1

where for k · k we prefer to use the L2 norm. We will leave the subscript N out
when no confusion arises. E(W ) is (highly) nonlinear in W , such that iterative
search techniques are required to find the W for which E(W ) is sufficiently small.
Finally we define the residual pattern error
eM (i−1)+j = kN (xi , W )j − yij k,
i.e., the error in the j’th output value for the i’th learning sample.
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Fig. 1. An exemplar feed-forward neural network. The circles represent neurons; the
black filled circle is a bias unit, and always carries an activation value of ‘1’.

2.1

Learning Methodology

Gradient based learning methods are characterised by considering low-order
terms from the Taylor expansion to the approximation error,
¯
(4)
E(W + W0 ) = E(W0 ) + ∇E|W0 W + W T ∇2 E ¯W W + . . . .
0

In most cases more than the second order term is neglected. We define
Ẽ1 (W + W0 ) = E(W0 ) + ∇E|W0 W

(5)

¯
Ẽ2 (W + W0 ) = Ẽ1 (W ) + W T ∇2 E ¯W W

(6)

and
0

being the first-order and second-order approximation to E, respectively.
By locally considering the approximation error as a first- or second-order
function of W , we can use several existing approximation methodologies to minimise E. When, according to the local second-order approximation information,
E is minimised, the local information is updated and a second minimisation step
is carried out. This process is repeated until a minimum is found.
Well-known minimisation methods are steepest descent (a variant of which is
known as error back-propagation), conjugate gradient optimisation, LevenbergMarquardt optimisation, variable metric methods, and (quasi-) Newton methods. Each of these methods has its advantages and disadvantages which are
discussed elsewhere [14].
The optimisation methods work in principle as follows. By considering the
second-order approximation to E, an optimum can be analytically found if ∇E

and ∇2 E are known. After the optimum has been located, ∇E and ∇2 E are
recomputed using the local information, and the minimum is relocated. This
process is repeated until a minimum is found.
Naturally, the success of this approach stands or falls with the form of the
error function. If the error function is not too complex but smooth, and can
be reasonably approximated by a quadratic function, the discussed optimisation
methods are a reliable and fast way of finding minima. In feed-forward network
training, however, the error functions appear to have a large number of flat areas
where minimisation is a difficult task due to limited floating point accuracy.

2.2

Condition of the Learning Problem

The flat areas of the error function can be formalised as follows. We define the
(M p) × n Jacobian matrix as
 ∇eT
1
 ∇eT2
J ≡
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In the learning process we thus encounter that ∇E = 2J T e.
We furthermore define the Hessian H = ∇2 E, which is the matrix of second
order derivatives of E. We are interested in the eigenvalues and eigenvectors of
H. Since H is a positive semidefinite symmetric matrix close to a local minimum, its eigenvalues are all positive real numbers. When an eigenvalue is very
small, the effect of moving in the direction of the corresponding eigenvector on
the approximation error is very small. This means that, in that direction, the
error function is (nearly) singular. The singularity of the error function can be
expressed in the condition of H, which is defined as the quotient of its largest
and its smallest eigenvalues.
As mentioned above, a bad condition of H may occur at minima or flat
points in the error function E(W ). It appears that feed-forward learning tasks
are generally characterised by having a singular or near-singular Hessian matrix.
Although the said learning methods are mathematically not influenced by a
badly conditioned Hessian, it does lead to inaccuracies due to the limited floating
point accuracy of the digital computer.

2.3

What Causes the Singularities

Reference [10] lists a few cases in which the Hessian may become singular or nearsingular. The listed reasons are associated with the ill character of the sigmoid
transfer function. Typical for this function is the fact that limx→∞ s(x) = c+
and limx→−∞ s(x) = c− . Also, bad conditioning can be the result of uncentered
data, and can also be alleviated [11].
Assuming that some neuron is in this ‘saturated’ state for all learning patterns, its input weights will have a delta equal to 0 (according to the backpropagation rule) such that these weights will never change. For each of the
incoming weights of this neuron, this leads to a 0-row in H, and therefore singularity.
However, there is another important reason for singularity, which may especially
occur after network initialisation. When a multi-layer feed-forward network has
a small (e.g., less than 0.1) weight leaving from a hidden unit, the influence of
the weights that feed into this hidden unit is significantly reduced. Therefore the
∂e/∂wk will be close to 0, leading to near-null rows in J and a near-singular H.
We observe that this kind of singularity is very common and touches a characteristic problem in feed-forward network learning: The gradients in the lowerlayer weights are influenced by the higher-layer weights. A related problem is
the influence that the change of the weights between the hidden and output
units have on the change of the input weights; when they rapidly and frequently
change, as will be the case during the initial stages of learning, the lower weights
will have nonsensical repeated perturbations.

2.4

Definition of Minimum

A minimum is said to be reached when the derivative of the error function is
zero, i.e., ∂E/∂w1≤k≤n = 0. Since the gradient of the error function equals the
column-sum of the Jacobian, a minimum has been reached when
Mp
X
∂ei
= 0,
∀1 ≤ k ≤ n :
∂w
k
i=1

(9)

i.e., when each of the columns adds up to 0. Eq. (9) defines the minimum for
a batch-learning system: the gradient, when summed over all learning samples,
should be 0. This also means, however, that it may occur that elements of a
column-sum cancel each other out, even when not all elements of the Jacobian
are 0. Differently put, it may occur that the gradient for some patterns are
non-zero, whereas the gradients sum up to zero.
The optimal case is reached when all elements of the Jacobian are 0. This
means, of course, that the residual error of each pattern is 0.

3

Local Minima are Caused by Back-Propagation

In this section we propose a new neural network structure which alleviates the
above problems. In the standard back-propagation learning procedure, the gradient of the error function with respect to the weights is determined by computing
the following steps for each learning pattern:
1. For each output unit o, compute the delta δo = yo − ao where ao is the
activation value for that unit, when a learning sample is presented.
2. Compute the weight derivative for the weights who from the hidden to output
units:
∆who = δo ah
where ah is the activation value for the hidden unit.
3. Compute the delta for the hidden unit:
X
δh =
δo who s0 (ah ).
o

4. Compute the weight derivative for the weights wih from the input to hidden
units:
X
∆wih = δh ai =
δo who s0 (ah )ai .
(10)
o

The gradient is then computed as the summation of the ∆w’s.
From (10) we can see that there are four cases when the gradient for a weight
from an input to a hidden unit is negligible, such that the corresponding row
and column in the Hessian are near-zero:

– When δo is small. This is correct, since that case means that the output of
the network is close to its desired output.
– When who is small. This is an undesired situation: A small weight from
hidden to output unit paralyses weights from input to hidden units. This is
especially important since the weight might have to change its value later.
– When s0 (ah ) is small; this occurs when the weight wih is large. Again, this
saturation type of paralysis is undesired.
– Finally, when ai is small. This is desired: When the input value is insignificant, it should have no influence on the output.
3.1

A New Neural Network Structure

In order to alleviate these problems, we propose a change to the learning system
of (10) as follows:
X
X
∆wih =
δo (who s0 [ah ] + c)ai = δh ai + c
δo ai .
o

o

By adding a constant c to the middle term, we can solve both paralysis problems.
In effect, an extra connection from each input unit to each output unit is created,
with a weight value coupled to the weight from the input to hidden unit.

Although c can be made a learnable parameter, in the sequel we will assume
c = 1. The o’th output of the neural network is now computed as
!
#
"
Ã
X
X
X
(11)
wih xi + θo .
wih xi + θh +
who s
M(x, W )o =
i

i

h

We call the new network the linearly augmented feed-forward network.
The structure of this network is depicted in figure 2. Note the equivalence of N
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Fig. 2. An exemplar adapted feed-forward neural network.

and M, viz.,
M(x, W )o ≡ N (x, W )o +

XX
h

3.2

wih xi .

(12)

i

Influence on the Approximation Error E

Although the optimal W will be different for the networks N and M, we can
still compare the forms of the error functions EN vs. EM . Using (2) and (11)
we can compute the error in the approximation of a single learning sample (x, y)
with N inputs, κ hidden units, and a single output:
EM (W )2 = (M[x, W ] − y)
Ã
=

2

N (x, W ) − y +

XX
i

h

wih xi

!2

2

= EN (W ) + 2

XX
i

wih xi (N [x, W ] − y) +

h

Ã

XX
i

wih xi

h

!2

(13)
.

The error for the network M differs from the error for N in two terms. When
we consider EM at those values of W where EN is minimal, we can
P see that the
difference between EN and EM consists of a normalisation term k h wTh xk; wh
is the vector of weights connecting the inputs to hidden unit h. This non-negative
term will only be zero when the vectors w T1 x, wT2 x, . . ., wTκ x cancel each other
out for each input vector x which is in the training set. In words: EM (W )2
introduces a penalty for hidden units doing the same thing, thus making the
network use its resources more efficiently.
3.3

M and the Universal Approximation Theorems

It has been shown in various publications [3,6,8] that the ordinary feed-forward
neural network N can represent any Borel-measurable function with a single
layer of hidden units which have sigmoidal or Gaussian activation functions in
the hidden layer.
Theorem 1. The network M can represent any Borel-measurable function with
a single layer of hidden units which have sigmoidal or Gaussian activation functions in the hidden layer.
Proof. We show that any network N can be written as a network M; therefore,
the class of networks M are universal approximators.
By using (1) and (11),
N (x, W )o =
=

κ
X

who s

h=1
Ã
κ
X
h=1

Ã

who s

X

wih xi + θh

i

"

X

= M(x, W )o +

!

+ θo

#
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i
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Ã "
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X
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κ X
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where V is a weight matrix such that the elements of V corresponding to the
weights from hidden to output units are 0, and the other weights equal the
negation of its W counterparts. Furthermore, bias weights are set to 0.
The sum M(x, W )o + M(x, V )o represents two M-networks, which can also
be written as a single M(x, W 0 )-network with the double amount of hidden
units, where W 0 = [W V ].
Using the theorems from [3,6,8] the proof is complete.

Note that it is also possible to write each M-network as an N -network, by
doubling the number of hidden units and using infinitesimal weights from the
input units to these hidden units, and their multiplicative inverse for the weights
from these hidden to the output units.
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Fig. 3. Equivalence of an N -network (left) and an M-network (right). Note that bias
units are left out for clarity.

Figure 3 shows the equivalence of an N and M network for the two-hidden
unit case.
3.4

Example

As an example, we train a network with a single hidden unit, and no bias
connections, to represent the learning samples (1, 1) and (2, 2). The hidden
unit has a sigmoid activation function. The function that is computed by the
network thus is N (x, W ) = w2 s(w1 x) for the original neural network, and
M(x, W ) = w2 s(w1 x)+w1 x for the adapted neural network. We use the sigmoid
function s(x) = 1/(1 + e−x ) as activation function, which has the following wellknown properties: limx→∞ s(x) = 1, limx→−∞ s(x) = 0, and limx→±∞ s0 (x) = 0.
Figure 4 shows the error function and its derivatives for this neural network.
In the top row of this figure we see the original neural network. Notice in the top
middle figure, depicting ∂E/∂w1 , that ∂E/∂w1 ≈ 0 for small values of w2 . In
other words, when w2 is small, w1 will hardly change its value. Similarly, when
w1 is large, then ∂E/∂w1 will be small due to the fact that the derivative of the
transfer function is nearly 0. In the bottom row the modified neural network is
depicted. Left, again, the error function. The middle figure clearly shows that
the derivative has no areas anymore which are zero or very small. The right
figure still shows that, if w1 has a large negative value, ∂E/∂w2 is negligible:
after all, the activation value of the hidden unit is near-zero.
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Fig. 4. Error function and derivatives using the original and adapted learning rule.
The top row shows the error function for the original learning rule (left), as well as
its derivative ∂E/∂w1 (centre) and ∂E/∂w2 (right). The bottom row shows the same
graphs for the adapted learning rule. The contour lines have a distance of 0.5 (left
graphs) and 0.2 (middle and right graphs).

4

Applications

We have applied the new learning scheme to several approximation problems. In
all problems, each network has been run 3,000 times with different initial random
values for the weights. In order to train the network, we used a Polak-Ribière
conjugate gradient optimisation technique with Powell restarts [14].
The applications with real data (problems 3 and 4) use two independent
sets of data: a learn set and a cross-validation set. In all cases, the network was
trained until the error over the cross-validation set was minimal (i.e., up to but
not beyond the point where the network started to over-fit). The approximation
errors that are reported are computed using the samples in the cross-validation
set.
Problem 1: (synthetic data) the XOR problem. The well-known XOR problem
consists of representing four learning samples [(0, 0), 0], [(0, 1), 1], [(1, 0), 1], and
[(1, 1), 0]. The network has two inputs, two hidden units, and one output.
It has been noted [5] that the XOR problem is very atypical in neural network learning, because it is penalised for generalisation. Nevertheless, the XOR
problem is generally considered as a small standard learning benchmark problem.
Whereas the network N reaches local minima in 22.4% of the runs, the
linearly augmented network M always reached a global minimum. For N , the
average number of steps to obtain an approximation error of 0.0 (within the
32-bit floating point accuracy of the computer) equals 189.1; for M, 98.3 steps
were required.
When using the ordinary error back-propagation learning rule (i.e., no conjugate gradient learning), the XOR learning problem has been reported to lead
to 8.7% local minima [14].
Problem 2: (synthetic data) approximating tan(x). As a second test, the networks have been used for the approximation of the function F (x) = tan(x).
The function has been uniformly sampled in the domain [0, π] using 20 learning
samples in total. For the approximation we used a network with one input, five
hidden units in a single hidden layer, and one output.
With network N , 14.6% of the runs lead to a local minimum. The linearly
augmented neural network is not perfect; it is stuck in a local minimum in 6.2%
of the runs. In all other cases, a global minimum of very close to 0.0 was found.
Problem 3: (real data) approximating robot arm inverse kinematics. Thirdly we
approximated data describing a hand-eye coordination learning problem with a
Manutec R2 robot arm.
The data is organised as follows. There are five input variables, describing
the current position of the robot arm in joint angles θ2 , θ3 , as well as the visual
position of an object with respect to the hand-held camera in pixel coordinates
x, y, z. The output part of the data consists of the required joint rotations ∆θ 1 ,
∆θ2 , and ∆θ3 necessary to reach the object. See [15] for further description of
this hand-eye coordination problem. In this particular problem, 1103 learning

samples are used; 1103 samples are used for cross-validation. The optimal of six
hidden units in a single layer [15] is used. Only the cross-validating data is used
for evaluating the network.
With the normal network N , in 2.3% of the cases the network got stuck in
a minimum with an unacceptably high error for both the learn and test sets.
This never occurred in the 3,000 trials in which the linearly augmented network
was used. The cross-validated approximation error after 10,000 learning steps
equals 4.20 · 10−4 for network N , and 4.04 · 10−4 for network M (both values
are average per learning sample). The new method shows a slight improvement
here.
Problem 4: (real data) gear box deformation data. The final test consists of the
following problem, which is encountered in the control of a newly developed
lightweight robot arm. A gear box connects a DC motor with a robot arm segment. In order to position the robot arm segment at a desired joint angle θ a ,
the DC motor has to exert a force τ . However, in the normal setup a joint angle
decoder is only available at the DC motor side, which measures the angle θ m .
By mounting an extra decoder at the arm segment in a laboratory setup we can
measure θa . The actual joint angle θa differs slightly from θm because of the
gear-box elasticity. We attempt to learn θa from (θm , θ̇m , τ ).
In order to learn these data, we use a network with 3 inputs, 6 hidden units
in a single layer, and one output. The data consists of 4,000 learning samples
as well as 4,000 samples used for the cross-validation. In each run, up to 10,000
learning iterations are performed but not beyond the point of overfitting.
Both network N as M do not get stuck in a minimum with an unacceptably
high error for both the learn and test sets. A surprise, however, is encountered in
the cross-validated approximation error that is computed after 10,000 learning
steps. For network N , this error equals 2.85 · 10−4 per learning sample; for M,
however, this error is as low as 1.87 · 10−6 per sample. Further data analysis has
shown that the data has strong linear components, which explains the fact that
the approximation error is two orders of magnitude lower.
Results are summarised in table 1.
Table 1. Results of the ordinary feed-forward network N and the linearly augmented
feed-forward network M on the four problems.
N
M
% local minima
22.4
0.0
avg. steps
189.1
98.3
tan
% local minima
14.6
6.2
robot
% local minima
2.3
0.0
3D data avg. error
4.20 · 10−4 4.04 · 10−4
gear box % local minima
0.0
0.0
data
avg. error
2.85 · 10−4 1.87 · 10−6
XOR

5

Conclusion

It has been shown that the ordinary back-propagation learning rule leads to
bad conditioning in the matrix of second-order derivatives of the error function
which is encountered in feed-forward neural network learning. This again leads to
local minima and saddle points in the error landscape. In order to alleviate this
problem, we have introduced an adaptation to the back-propagation rule, which
can be implemented as an adapted feed-forward neural network structure. We
call this network the the linearly augmented feed-forward neural network. The
adaptation leads to a learning rule which obtains stable values for the weights
which connect the input units with the hidden units, even while the weights from
hidden to output units change.
A mathematical analysis shows the validity of the method; in particular, the
universal approximation theorems are shown to remain valid with the new neural
network structure. The application of the new method to two sets of synthetic
data and two sets of real data shows that the new method is much less sensitive
to local minima, and reaches an optimum in fewer iterations.
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